The characteristics of tree level scattering amplitudes in theories with nonlinear (super)-symmetries were recently proposed by Kallosh to be encoded in a simple way directly from the action, based on a background field method. We check this conjecture to lowest nontrivial order in the Volkov-Akulov theory, where the local 6-point diagram cancels and the results up to 6 points indeed are in agreement with S-matrix computations.
Introduction
Nonlinear symmetries are of interest e.g. in the setting where constrained superfields give rise to Volkov-Akulov (VA) models [1] , since those symmetries are useful for describing features within cosmology, such as inflation [2] [3] [4] [5] . For example, de Sitter supergravity is characterised by a local version of VA supersymmetry [6] [7] [8] [9] . The properties inferred by the symmetries are central to understanding these models, and one question concerns what characterises the scattering amplitudes.
Amplitudes in theories with nonlinear (super)symmetries can be determined e.g. through Feynman rules (introduced for VA in [10] ) 1 , recursion relations as in [12] , and the CachazoHe-Yuan (CHY) representation [13] [14] [15] . In each setting, the symmetries of the S-matrix are represented in different ways, in part giving rise to the question of what the general effects of nonlinear symmetries of the action on the S-matrix are. Recently, this problem was investigated in [16] , giving rise to a conjecture for a generating functional of the S-matrix in terms of the tree level diagrams.
Generating functionals for scattering amplitudes have been studied before, e.g. for gauge and gravity theories in [17] [18] [19] [20] a method which applies more widely, and relations to the background field method are mentioned in [21] . However, the relation between the method of generating functionals and nonlinear symmetries remains to be understood. Here, the approach in [16] represents an extension to theories with global nonlinear symmetries in general, rather than for specific examples. This makes the conjecture in [16] interesting to investigate further, not only for its potential use in understanding the symmetries of the amplitudes in question, but also to see if it may highlight the connection between generating functionals and nonlinear symmetries.
The conjecture of [16] is that the n-point tree amplitudes A i1...in should be encoded in
with S ,i = δS/δφ i and a solution to the set of a fields (φ i ) given by a method inspired by the background field method in the formalism of DeWitt [22] [23] [24] . Note that φ is the background field, with the classical field equation
1 Amplitude expressions in coordinate space can be found in [11] .
with G ij 0 a free propagator. Moreover, φ i includes all fields of the given model and (in DeWitt's formalism) there is a summation convention such that repeated indices include integrations over the spacetime coordinates, implied in (1.1). φ 0 is a general solution of the free field equation and φ[φ 0 ] encodes the interactions through
obtained by iteration from
In a theory of interactions, φ[φ 0 ] = φ 0 , which is crucial in (1.1).
The relation (1.1) is especially interesting in that it represents a prediction of the amplitudes based on the symmetries of the action, rather than observations of the symmetries of the amplitudes once they have been constructed. In construction, it represents a generalisation to nonlinear symmetries originating in global symmetry breaking of a method known to describe properties of tree-level S-matrix elements in non-Abelian gauge theories and gravity. As such, its foundation is sound, yet the crucial question of whether or not the conjecture (1.1) indeed holds, remains. A priori, this is not guaranteed. As mentioned previously, the connection between generating functionals and nonlinear symmetries (in general) is an open question.
The objective of this paper is to analyse the consistency of the conjecture (1.1), in the simplest non-trivial setting. For this, we look to the Volkov-Akulov (VA) model [1] , which encodes nonlinear symmetries. The VA model is comparatively simple, relevant in the setting of investigating amplitudes, and represents a type of nonlinear symmetry not previously investigated in relation to generating functionals. Moreover, its characteristics are well-known. In specific, the local 6-point vertex is known to vanish. It vanishes in Smatrix computations, and there is a field redefinition (nonlinear change of variables) which maps the VA theory onto the Komargodski-Seiberg (KS) action [25, 26] , where the absence of the 6-point vertex is manifest. We will not discuss the different merits of the two dual theories, useful as they are in different settings 2 , but one thing is clear -in the VA theory, the absence of the 6-point vertex is a product of the symmetries in the theory in a non-trivial way, and this must be captured by the relation in (1.1). Hence, the simplest non-trivial check (relevant in the amplitude setting discussed earlier) of (1.1) is the analysis of what the left hand side (LHS) gives for the VA 6-point amplitude. For the generating functional to work at the lowest non-trivial order, the LHS must encode the vanishing of the local vertex at that order, through the symmetries of the VA theory.
The paper is organised as follows. In section 2 the relation (1.1) is analysed up to 6-point interactions in free fields, beginning with the LHS and ending with the subsequent predictions for the 4-and 6-point amplitudes, where the local 6-point term indeed vanishes, indicating that the correct physics is captured. We then proceed to make comparisons with the known results for the aforementioned tree level amplitudes, in section 3, noting an agreement between the methods, also confirmed by direct S-matrix computations. Finally, we discuss how the cancellation of the VA local 6-point vertex comes about through the generating functional in (1.1).
2 Pure Volkov-Akulov theory up to 6-point interactions For a check of (1.1) to lowest order in the VA model (N = 1, D = 4), we are interested in the VA action up to 6-point interactions. Here, (φ i ) corresponds to the VA goldstino (ψ a ,ψȧ), and we use the normalisation in [27, 28] ,
To lowest order in fields, up to the local 6-point term and with κ 2 = 1, this is
2a)
where (λ,λ) represent the free fields (φ i 0 ) subject to the equations
3)
The solution to (1.3) given in [29] for ψ is easily extended toψ, also to lowest order in perturbation,
with the notation (λσ
Note that (ψ,ψ) in (2.4) needs to be solved iteratively to get the correct answer to all orders, i.e. by replacing ψ → (λ + . . .) in δS int /δψ, etc. Also, / ∂ ∂ 2 / ∂λ = 0 -the free equation of motion cannot be employed when propagators are present.
For spinor conventions, we use
and the Fierz identities
We have λσλ = −λσλ, keepingσ implicit.
Amplitudes from the action
To begin with, we note that
is required for (1.1) to give the correct result in the VA theory. We analyse (1.1) up to the 6-point contributions in free fields, with
as described below. Note that the 4-point vertex equals S 4 (λ,λ), and that the third term is S 6 (λ,λ).
Contribution from S 2
The contribution to (1.1) from (2.2a) is
up to total derivatives, and contributes to both the 4-and 6-point amplitudes. In part, the contributions follow a simple pattern. In inserting (2.4), with one (λ,λ) in the expansion the contribution is
There are two parts to this expression. One with (ψ,ψ) = (λ,λ), 12) and a second where an additional correction from S 4 in (2.4) is of relevance, since amplitudes up to 6 points are under consideration. This extra correction is distributed on the three fields (λ,λ) of (2.4), but due to the form of (2.11), this effectively corresponds to an extra insertion on each field in 3S 4 , the same as considering the 6-point contribution of
In addition, we have a final contribution from inserting (2.4) into (2.10)
14) which corresponds to a symmetric 6-point diagram with a propagator between two 3-point vertices. The derivative in the middle denotes an overall derivative, acting on all of the fields to the right of it.
Contributions from S 4 and S 6 Equation (2.2b) gains a factor of −3 through (1.1). This gives a 4-point interaction
and a 6-point interaction
which is −6 times the contribution from S 2 , shown in (2.14). However, this contribution directly cancels the one from (2.13).
The local 6-point term from S 6 acquires a factor of −5 through (1.1). Moreover, the free equation of motion, the Fierz identity and λ 3 = 0 can be used to simplify (2.2c) into
In total, this gives (2.9).
Tree amplitude diagrams
Reconnecting to the LHS of (1.1), the 4-point part of (2.9) is
Recall that ∂ 2 λ = 0 since the expressions are modulus the free equation of motion. In momentum space, with ∂ = ip and the amplitude conventions of [10] Here, (2.17) has been multiplied by −4. The sign is to ensure the enumeration of the fields to be compatible with ordering from S-matrix contractions, as after (10) in [10] , where a positive enumeration corresponds to the choice in (3.8) . This is required for the results to be comparable, and should be done after all rearrangements of the spinors, as the amplitude and vertex definitions are different. The translation between the two descriptions includes (λ a ,λȧ) → (λ a ,λ ȧ ) and sign corrections for permutations from a positive ordering from the right,
The factor of 4 is to capture the permutations 1 ↔ 3 and 2 ↔ 4, symmetries already present through λ
In (1.1) this correcting factor shows as n! (4! rather than 4) but there the LHS includes permutations over all of the free fields, disregarding the separation between the two chiralities. For consistency, we take the right hand side (RHS) of (1.1) to encode an effective removal of the permutations over the different channels, with n! replaced by (n/2)!(n/2)! in the VA model,
The 6-point diagram, with cancellation
The second term in (2.9) is
Here we have used
and the corresponding for (σ ρ ∂ τλ ) β (λσ τ ↔ ∂ ρλ ), which differs by a sign, while noting that the third term only is nonzero when coupled to / ∂ −1 , corresponding to a matching with the first term, and never gives a contribution to (2.9) in that combination. In (2.23), the cross terms vanish due to the free equation of motion (2.3):
The two last terms give
which cancels against the contribution from S 6 , the last term in (2.9). This represents the important cancellation of the local 6-point vertex. The remaining term is
Using the same procedure as for A 4 for the (1.1) prediction for A 6 , this should be multiplied by the number of diagrams summing over (135) and (246): 36 (rather than 6!) and corrected by a sign due to ordering, which in combination gives the nine terms 
Comparisons with other amplitude approaches
In comparing results in the VA theory, possible to describe using different actions and different normalisations, mappings between the settings have to be taken into consideration.
In the previous section, we used (2.1). The KS action [25, 26] 
corresponds to (2.1) through a nonlinear relation ψ(G,Ḡ) [27, 30] . Here, the absence of the local 6-point vertex is manifest, which makes it especially convenient for analyses up to 6-point interactions.
With a different normalisation of the VA action, κ 2 = 1 in (2.1), the parts of the action change as
This also alters the field expansion in free fields in (2.4), in the same way at each order in fields, giving the general expression
This can also be seen directly from that each 4-point vertex is accompanied by a difference amounting to a factor of κ 2 (and κ 4 for local 6-point vertices), giving (3.3) for tree diagrams.
The 4-and 6-point amplitudes
In comparing with amplitude results obtained using recursion relations in [12] , the CHY representation in [15] and one instance of S-matrix computations in [10] , we note that some of the results are given with the normalisation choice κ 2 = 1/2. As a consequence, the amplitude predictions from the previous section, in (2.19) and (2.28), need to be reinterpreted using (3.3) .
The 4-point amplitude of [10] is precisely the A 4 in (2.19). The amplitude in [12, 15] 
Feynman tree amplitudes
A double-check of the comparison between the amplitude derivations can be made through deriving the 4-and 6-point amplitudes directly from the KS action in (3.1). If done for the VA action (2.1) the S-matrix procedure simply gives an expression equivalent to the LHS of (1.1), i.e. (2.9), before contraction with external particles. In this way, (1.1) reduces to the same expression as the S-matrix result. For a second check, the interaction Hamiltonian for the KS action is 6) and the non-trivial part of the S-matrix (S = 1 + i T ) can be computed from
The 4-point amplitude
To derive the 4-point amplitude (with κ 2 = 1), it is sufficient to consider only incoming particles 8) where all the particles are treated as incoming particles. The term containing ∂ 2 G in the four-point interaction vanishes due to the external fields being on-shell (p 2 = 0), and Wick's theorem gives that only normal ordered operators contribute. Following the conventions in appendix A, we derive the four-point amplitude of two initial left-handed fermions (ψ 2 , ψ 4 ) and two initial right-handed fermions (ψ 1 , ψ 3 ). For this scattering process, (3.8) gives four terms
where all possible equivalent contractions are counted in, i.e. with G to p 2 or p 4 and G to p 1 and p 3 . The amplitude with these specific initial and final states is
The 6-point amplitude
Since there is no 6-point interaction in the Hamiltonian (3.6), the 6-point amplitude only receives contributions from the 4-point interactions
where, again, all particles are treated as incoming (
. This can be manipulated as described in appendix A, in total giving the full 6-point amplitude 
Discussion
We have checked the internal consistency of the method for determining tree level scattering amplitudes in theories with nonlinear (super)symmetry suggested in [16] , amounting to (1.1), to lowest order in the VA model. The conjectured relation, representing a specific generalisation of the background field method to nonlinear global symmetries, reproduces the 4-and 6-point amplitudes well-known from e.g. [10, 12, 15] , with the modifications (2.8), (2.22) and signs due to ordering of the fields as in (2.20) . At higher orders, signs may appear in the comparisons, since the conventions used for the metric and the propagator differ from what is typically used in amplitude calculations. Importantly, the vanishing of the local 6-point vertex represents a non-trivial result since the check is done in the traditional VA action, and not the dual KS action where its absence is manifest. As such, the conjecture in (1.1) is quite likely to capture the correct physics of the amplitude diagrams. The separate way of determining the amplitudes through the method inspired by the background field method works in that the background field solutions substituted into the action provide the same structure as S-matrix derivations. Basically, the solutions of the fields in terms of free fields give rise to an overcounting of the terms contributing to the amplitudes, when introduced in the action alone. This is amended by the additional consideration of S ,i , which alters the relative factors between the parts of the action (S n ). This simplification happens in a comparatively roundabout manner -(1.1) is not a convenient way to determine amplitudes compared with S-matrix computations. The symmetry (1.1) represents is however interesting in what it says about the structure of the amplitudes, and it would be interesting to see what would characterise a corresponding description for loops. Beyond tree level, further non-local effects are expected, in a general expression corresponding to (1.1).
As to the relation between the generating functional in (1.1) and the nonlinear VA symmetries, implied by the RHS of (1.1), those symmetries are implicit in the connections between the terms with different numbers of spinors in the action, i.e. the S n . The key to the nonlinear symmetries is how the structures of S n and S n+2 are related. In the amplitude setting, this is exemplified in cancellations between diagrams originating from different S n . While local 6-point terms are absent in an analysis of the KS action, the case of the VA theory presents a cancellation between the S 6 term and connected 4-point vertices. Herein lies a difference, and the generating functional in (1.1) captures the relative symmetries, relevant for the cancellation to take place. Considering the VA generating functional in (2.9), the key feature is the relative coefficients of the 6-point terms (the second and third term on the RHS), as well as the reduction of the second term into the two parts (2.26) (local) and (2.27) (non-local). In fact, the third term is just S 6 with free fields, so the interesting part from a symmetry point of view is how the generating functional gives the second term in (2.9), with the crucial local part. It does this by using the structure of the action itself. In a sense, (1.1) is partly a shell correcting relative coefficients, and partly an iterative procedure giving terms built on the interactions through the solution for the background field in (1.4). The latter is what produces the interesting 6-point term, as shown in (2.14), where two S 4 vertices (both products of φ[φ 0 ]) are connected by a propagator. Hence, while the generating functional in (1.1) does not contain the specific symmetries, it does encode iterative interactions of the theory, which in the end has the desired effectsthe consequences of the nonlinear symmetries.
A Feynman tree amplitudes -conventions and 6-point derivation
In the S-matrix derivations, we use η µν = diag(−1, +1, +1, +1) and σ where : : denotes normal ordering. Both lines in the above give the same result, and the combined factor of four in each line comes from four possible internal Wick contractions. The different contractions of G or G with the incoming states give different helicity configurations, and following the 4-point amplitude derivation we analyse the scattering process with half of the initial states left-and right-handed, respectively. That is, G contracts with the incoming particles with momenta p 2 , p 4 , p 6 to form left-handed states while G contracts with the incoming p 1 , p 3 , p 5 to form right-handed states. As a result, the contribution from the first term of (A.6) consists of 9 terms Eventually, this expression is zero, which is quite easy to see -it corresponds to three sets of the cross terms in (2.25). The contribution from (i, j) = (2, 1) is identical, so neither part contributes to the 6-point amplitude. Moreover, with this, (A.8) can be rearranged into an expression equal to (3.12) , giving the full 6-point amplitude.
